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ON MAXIMAL CURVES WHICH ARE NOT GALOIS SUBCOVERS
OF THE HERMITIAN CURVE
IWAN DUURSMA AND KIT-HO MAK
Abstract. We show that the generalized Giulietti-Korchma´ros curve defined over Fq2n ,
for n ≥ 3 odd and q ≥ 3, is not a Galois subcover of the Hermitian curve over Fq2n .
This answers a question raised by Garcia, Gu¨neri and Stichtenoth.
1. Introduction and Statements of Results
Let Fq2 be the finite field with q
2 elements, and let X be a projective, nonsingular,
geometrically irreducible curve (hereafter referred to as a curve) defined over Fq2 . We
say that X is Fq2-maximal if the number of its rational points attains the Hasse-Weil
upper bound
|X (Fq2)| = q
2 + 1 + 2g(X )q,
where g(X ) is the genus of X . The most important example of a maximal curve is the
Hermitian curve H, which is defined over Fq2 by the equation
yq + y = xq+1.
It has genus 1
2
q(q − 1). By the work of [8, 15, 26], the genus of any maximal curve X
satisfies
g(X ) ∈ [0, (q − 1)2/4] ∪ {q(q − 1)/2}.
Therefore the Hermitian curve has the largest possible genus that a maximal curve can
have. It is shown in [21] that the Hermitian curve is the unique maximal curve having
genus 1
2
q(q− 1). More information about maximal curves can be found in [2, 3, 7, 9, 13,
16, 17] and their references.
A curve C is called a subcover of X over Fq2 (or equivalently X is a cover of C) if
there exists a surjective map φ : X −→ C with C, X and φ defined over Fq2. By a result
known as Serre’s theorem (see [18, Proposition 6]), any subcover of a Fq2-maximal curve
is Fq2-maximal. Most of the known maximal curves are subcovers of the Hermitian curve
H, and systematic studies on subcovers of H can be found in [4, 5, 12].
The first example of a maximal curve which is not a Galois subcover of the Hermitian
curve is the curve y9 − y = z7 over F36 discovered by Garcia and Stichtenoth [11]. It is
the special case with q = 3, n = 3 of the curve Xn with defining equation
(1.1) yq
2
− y = z
q
n
+1
q+1
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over Fq2n , for q ≥ 2 and odd n ≥ 3. The curve Xn was shown to be maximal in [1].
As another example, an unpublished calculation by Rains and Zieve states that the Ree
curve of genus g = 15 over F36 is not a Galois subcover of the Hermitian curve over the
same field.
In [13], Giulietti and Korchma´ros give an example of a maximal curve, now called
the GK curve, that is not covered by the Hermitian curve. The GK curve has been
generalized by Garcia, Gu¨neri and Stichtenoth in [10]. The generalized GK curves Cn are
maximal curves over Fq2n for a prime power q and odd n ≥ 3 ([10], see also [6]). They
have defining equations
(1.2)
xq + x = yq+1
yq
2
− y = z
q
n
+1
q+1 .
It is shown in [10] that the curves with n = 3 are isomorphic to those given originally
by Giulietti and Korchma´ros. It is not known whether these generalized GK curves Cn
are covered by the Hermitian curve for n ≥ 5. In this paper, we give a partial answer to
this problem by showing that Cn is not a Galois subcover of the Hermitian curve over the
same finite field for any odd n ≥ 3 and q ≥ 3. More precisely, we prove the following.
Theorem 1.1. The generalized GK curve, defined by (1.2) over Fq2n, is not a Galois
subcover of the Hermitian curve over Fq2n for any q ≥ 3 and odd n ≥ 3.
For the proof we make use of the Artin character for the Hermitian function field. This
appears to be the first time that the Artin character is used to study subcovers of the
Hermitian function field and it allows us to avoid dealing with explicit equations and
group structures for Galois subcovers. The proof depends on Proposition 5.1 which may
be of independent interest and which gives a new lower bound for the degree of a Galois
covering φ : X −→ C of a maximal curve C by a Hermitian curve X .
For q = 2, the situation is different. For the case n = 3, Giulietti and Korchma´ros show
that the GK curve over F64 is covered by the Hermitian curve over the same field [13]. We
prove that if the generalized GK curve Cn over F22n is Galois covered by the Hermitian
curve over F22n , then there is exactly one possibility for the degree and ramification
structure.
Theorem 1.2. Let n ≥ 5 be an odd integer. If the generalized GK curve, defined by
(1.2) with q = 2 over F22n , is Galois covered by the Hermitian curve over the same finite
field, then the degree of the covering is d = (2n + 1)/3, and the covering is unramified.
Next, we consider the curve Xn defined over Fq2n by (1.1) which is the second equation
in the definition of the generalized GK curve. For q = 2 it is shown in [1] that Xn is
covered by the Hermitian curve, but it is not known whether this curve is a subcover of
the Hermitian curve for q ≥ 3. For q = 3, Garcia and Stichtenoth [11] showed that the
curve is not a Galois subcover of the Hermitian curve. Unlike the case for the generalized
GK curve, our new lower bound does not eliminate all the possible degrees of a Galois
covering. Nevertheless, we are able to shorten the interval of possible degrees that is
obtained by the traditional method (which will be outlined in Section 2).
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Theorem 1.3. Let n ≥ 3 be an odd integer. If the curve Xn defined by (1.1) with q > 2
is Galois covered by the Hermitian curve over the same finite field, then the degree of the
covering d satisfies
(q + 1)(qn + 1)
q2 + 1
≤ d ≤ qn−1 + qn−2 + . . .+ q2 + q + 2.
We remark that for n ≥ 5, we do not know whether the curve Cn is non-Galois covered
by the Hermitian curve or not.
2. Subcovers of the Hermitian curve
Let Hn be the Hermitian curve of degree q
n + 1 over Fq2n . It has genus g(Hn) =
1
2
qn(qn − 1) and number of Fq2n-rational points N(Hn) = q
3n + 1. Let Yn be a subcover
of the Hermitian curve with morphism φ : Hn −→ Yn of degree d. From the splitting
of points we obtain a lower bound for d, and from the Hurwitz genus formula (see [25,
Theorem 3.4.13]) an upper bound for d,
(2.1)
N(Hn)
N(Yn)
≤ d ≤
2g(Hn)− 2
2g(Yn)− 2
.
Subcovers of the Hermitian curve are again maximal, and thus
N(Yn) = q
2n + 1 + 2g(Yn)q
n = (qn + 1)2 + (2g(Yn)− 2)q
n.
The Hermitian curve has 2g(Hn)−2 = (q
n−2)(qn+1). For (A−1)(qn+1) ≤ 2g(Yn)−2 <
A(qn + 1), the bounds (2.1) yield
qn
A+ 1
≤ d ≤
qn − 2
A− 1
.
The lower bound holds with equality for a covering φ : Hn −→ Yn of degree d with
(2.2) 2g(Yn)− 2 = (q
n/d− 1)(qn + 1)− (qn/d+ 1) for d|qn.
Such a covering exists for every divisor d of qn ([12, Section 3]). For other cases we will
use the following refinement of the lower bound.
Lemma 2.1. Let Yn be a maximal curve with 2g(Yn)− 2 = A(q
n + 1)−B, for integers
A and B with 1 ≤ B ≤ qn + 1. For k(A+ 1) < B, and for B 6= A + 2,
qn + k
A+ 1
≤ d.
In particular, d(A+ 1) ≥ qn + 1 for B > A+ 2.
Proof. For the relevant case B = k(A+1)+1, the inequality N(Hn)(A+1) > N(Xn)(q
n−
1 + k) reduces to (kqn − 1) (k − 2) + A + A (k − 1)2 qn > 0, which holds for k ≥ 2 and
for k = 0 . For k = 1, we need to verify only the case B = A + 3. For B = A + 3, the
inequality N(Hn)(A+ 1) > N(Xn)(q
n) reduces to q2n − qn + A+ 1 > 0. 
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Let k be maximal with k(A+ 1) < B. For the degree of the ramification divisor R we
write
(2.3) degR = (2g(Hn)− 2)− d(2g(Yn)− 2) = R0(q
n + 1) +R1,
where R0 = (q
n − 2 − dA + k) and R1 = dB − k(q
n + 1). For Galois subcovers, we
write the degree of the ramification divisor in a different way in the next two sections.
In Proposition 5.1 we show that the combined descriptions exclude the possibility R1 <
qn + 1, which yields a lower bound d ≥ (k + 1)(qn + 1)/B that in many cases improves
the standard lower bound (2.1).
3. The degree of the ramification divisor of a Galois covering
Now we suppose that the covering φ : Hn −→ Yn is Galois with Galois group G, with
|G| = d. Then G can be realized as a subgroup of Aut(Hn) = PGU(3, q
n) (see [20, 24]),
and Yn is the quotient curve of Hn by G. To understand the ramification in a Galois
covering, we will use the Hilbert different formula (see the proof in [25, Theorem 3.8.7]),
which we state here for the sake of completeness. Let X −→ X ′ be a Galois covering of
curves with Galois group G, and let P and P ′ be points on X and X ′ respectively (which
need not lie in the field of definition of the covering) so that P maps to P ′ under the
covering. Then the different exponent d(P |P ′) is
(3.1) d(P |P ′) =
∑
16=σ∈G
σ(P )=P
iP (σ),
where iP (σ) = vP (σ(t)− t) with t a local uniformizer at P . Note that if the ramification
of P over P ′ is tame, then iP (σ) = 1 for any σ that fixes P , and in that case d(P |P
′) is
the number of elements σ 6= 1 in G that fix P . For any σ ∈ PGU(3, qn), define
(3.2) i(σ) :=
∑
P∈X
iP (σ) degP,
with the convention that iP (σ) = 0 if σ(P ) 6= P . Combining (3.1) with the Hurwitz
genus formula, we get the following proposition which we will rely on heavily.
Proposition 3.1. Suppose X −→ X ′ is a Galois covering of degree d with Galois group
G, then
2g(X )− 2 = d(2g(X ′)− 2) + degR,
where R is the ramification divisor, whose degree is given by
degR =
∑
16=σ∈G
i(σ).
Remark 3.2. We want to point out the relation between i(σ) and the Artin representa-
tion (see [22, Chapter 19], [23, Chapter VI]). The character of the Artin representation
satisfies a(σ) = −i(σ), for σ 6= 1, and
∑
σ a(σ) = 0. For the subcover of the Hermitian
function field with group PGU(3, qn), the Artin representation is the unique irreducible
representation of minimal degree 2g(Hn) = q
n(qn − 1) (see [19, Lemma 4.1]).
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4. Artin character of the Hermitian function field
To apply Proposition 3.1 with X = Hn and X
′ = Yn, we need to understand the values
of i(σ) defined by (3.2) for σ ∈ PGU(3, qn). The action of PGU(3, qn) on the Hermitian
curve Hn is well-known [24]. An element in PGU(3, q
n) either fixes no points on Hn, or
it fixes a point of degree one, or fixes a point of degree three. If σ fixes no points on Hn,
then i(σ) = 0. If it fixes a point of degree three, then it fixes only that point. Since any
such σ has order dividing q2n − qn + 1, which is relatively prime to q, the ramification is
tame. Hence i(σ) = 3. The case when σ fixes a point of degree one has several subcases.
Since the action of PGU(3, qn) on the points of degree one on Hn is transitive (see for
example [14]), and i(σ) is unchanged under conjugation (see for example [23, Chapter
IV]), we may assume that the degree one point fixed is the point at infinity P∞ when Hn
is given by the equation xq
n
+ x = yq
n+1. Let H be the subgroup of PGU(3, qn) fixing
P∞. One can show that H is of order q
3n(q2n − 1), and any σ ∈ H is of the form
σ(x) = aq
n+1x+ abq
n
y + c, σ(y) = ay + b,(4.1)
with a ∈ Fq2n\{0}, b ∈ Fq2n, c
qn + c = bq
n+1. Following the notations in [12], we denote
by σ = [a, b, c] the automorphism σ ∈ H given by (4.1). There are 2 cases.
Lemma 4.1. Let P∞ be the point at infinity when Hn is given by the equation x
qn +x =
yq
n+1, and let H be the subgroup of PGU(3, qn) fixing P∞. Let σ = [a, b, c] ∈ H with
σ 6= 1. For a 6= 1, we have
i(σ) =


1 , if p divides ord(σ),
qn + 1 , if ord(σ) divides qn + 1,
2 , otherwise.
For a = 1, we have
i(σ) =
{
2 , if a = 1, b 6= 0,
qn + 2 , if a = 1, b = 0, c 6= 0.
Proof. (Case a 6= 1) The Sylow p-subgroup of H is the set consisting of [a, b, c] with
a = 1. Therefore, if σ = [a, b, c] with a 6= 1, then σ is not in the higher ramification
group of P∞, so it will not fix P∞ to a high order. Since all other places is at most tamely
ramified, we have
iP (σ) = vP (σ(t)− t) =
{
0 , σ(P ) 6= P,
1 , σ(P ) = P.
Therefore, in this case we have
i(σ) = #{P ∈ Hn| deg(P ) = 1 and σ(P ) = P}.
If ord(σ) is a multiple of p, then σ cannot fix any degree one places other than P∞ since
those places are tame. Thus i(σ) = 1. Suppose now ord(σ) divides qn + 1, then one
can show that σ = [a, b, c] is conjugate in H to σ∗ = [a, 0, 0] (see [12, Lemma 4.1]).
By (4.1), σ∗ satisfies σ∗(x) = x and σ∗(y) = ay. It is then easy to see that in the
affine part of Hn, σ
∗ fixes exactly the (affine) line {y = 0}. Hence, i(σ∗) = qn + 1 as
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#(Hn ∩ {y = 0}) = q
n and σ∗ also fixes P∞. Since i(σ) is preserved under conjugation,
we have i(σ) = i(σ∗) = qn+1. Finally, if the order of σ does not divide qn+1, then again
σ = [a, b, c] is conjugate in H to σ∗ = [a, 0, 0]. This time we have σ∗(x) = aq
n+1x and
σ∗(y) = ay. So in the affine part ofHn, σ
∗ fixes exactly the origin. Thus i(σ) = i(σ∗) = 2.
(Case a = 1) If σ = [a, b, c] with a = 1, then σ is in the higher ramification group of
P∞, and this is the only point that σ can fix. In this case, we compute i(σ) directly from
the definition. First, i(σ) = iP∞(σ) = vP∞(σ(t)− t), where t is a local uniformizer at P∞.
We choose t = y/x to be the local uniformizer. Then
i(σ) = vP∞(
y + b
x+ bqny + c
−
y
x
)
= vP∞((y + b)x− y(x+ b
qny + c))− vP∞(x)− vP∞(x+ b
qny + c)
= vP∞(−b
qny2 + bx− cy) + 2(qn + 1)
=
{
2 , if b 6= 0,
qn + 2 , if b = 0, c 6= 0.

The i(σ) among various kinds of elements are shown in Figure 1. Each number in a
box corresponds to a subgroup of that order, and each number on an edge is the i(σ) for
elements that lie in the upper group but not the lower one.
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Figure 1. i(σ) among various elements in PGU(3, qn)
The following proposition follows immediately from the above lemma. The significance
of the proposition is that either i(σ) is very small, or i(σ) is very large, and nothing in
the middle can happen.
Proposition 4.2. If σ ∈ PGU(3, qn), then i(σ) = 0, 1, 2, 3, qn + 1 or qn + 2.
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Now we have the contribution of each element in PGU(3, qn) to the ramification divisor,
and we are ready to finish the proof of the theorems stated in the introduction.
5. Galois subcovers of the Hermitian curve
In Proposition 3.1, we write the degree of the ramification divisor R as the sum of
i(σ) for the d − 1 nontrivial σ in the Galois group G, and in Proposition 4.2 we found
the possible values for each i(σ). In particular, the nontrivial elements divide into two
groups according to i(σ) = 0, 1, 2, 3 or i(σ) = qn + 1, qn + 2. Write d = 1 + u+ v with
u = #{σ 6= 1 : i(σ) = 0, 1, 2, 3} and v = #{σ 6= 1 : i(σ) = qn + 1, qn + 2}.
Then
(5.1) v(qn + 1) ≤ degR ≤ v(qn + 1) + 3u+ v.
We compare this with the description of degR in Section 2. For a subcover Yn of the
Hermitian curve Hn, not necessarilly Galois, let 2g(Yn) − 2 = A(q
n + 1) − B, with
1 ≤ B ≤ qn + 1, and let k be maximal with k(A + 1) < B. As in (2.3), let
(5.2) degR = (2g(Hn)− 2)− d(2g(Yn)− 2) = R0(q
n + 1) +R1,
where R0 = (q
n − 2− dA+ k) and R1 = dB − k(q
n + 1). Clearly,
(5.3) k(R0 − d) + (R1 − d) ≥ k(k − 3).
We will now prove a new lower bound for d.
Proposition 5.1. Let Yn be a maximal curve with 2g(Yn) − 2 = A(q
n + 1) − B, for
integers A and B with 1 ≤ B ≤ qn + 1. For B > A + 2 and for k(A + 1) < B, if
φ : Hn −→ Yn is a Galois covering of degree d then dB ≥ (k + 1)(q
n + 1).
Proof. Assume to the contrary that dB < (k+1)(qn+1). Since B ≥ 2k+1, 3d < 2(qn+1),
and thus 3u + v < 2(qn + 1). With Lemma 2.1, dB > dk(A + 1) ≥ k(qn + 1). Together
with the assumption,
k(qn + 1) < dB < (k + 1)(qn + 1).
For degR = R0(q
n + 1) + R1 in (5.2), it follows that R0 corresponds to the quotient
and R1 to the remainder after divisor by q
n + 1. Now we compare with (5.1). Using
R0 ≤ v + 1 and R1 ≤ 3u+ v,
k(R0 − d) + (R1 − d) ≤ k(−u) + 2u− 1,
which, for k ≥ 3, contradicts (5.3). It remains to prove the case (k = 2) and the case
(k = 1, B > A+ 2). Observe that for (k = 1, B > A + 2), (5.3) can be replaced with
(5.4) (R0 − d) + (R1 − d) ≥ d− 2.
If 3u+v < qn+1 then R0 = v and R1 ≤ 3u+v. For (k = 2), 2R0+R1 ≤ 3u+3v = 3d−3
contradicts (5.3). For (k = 1, B > A + 2), R0 + R1 ≤ 3u + 2v = 2d + u− 2 contradicts
(5.4). If 3u + v ≥ qn + 1 then R0 ≤ v + 1 and R1 ≤ 3u + v − 1. For (k = 2),
2R0+R1 ≤ 3u+3v+1 = 3d−2. In combination with (5.3) equality holds and R0 = v+1
and R1 = 3u + v − 1. The latter implies 3u + v = q
n + 1, and R0 = v + 1 would then
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imply R1 = 0, a contradiction. For (k = 1, B > A+ 2), R0 +R1 ≤ 3u+ 2v = 2d+ u− 2
contradicts (5.4). 
We will apply the above proposition to the generalized GK curve Cn and the plane
curve Xn, that are both maximal curves over Fq2n. For their genera we have
2g(Hn)− 2 = (q
n − 2)(qn + 1),
2g(Cn)− 2 = (q
2 − 1)(qn + 1)− (q3 + 1),(5.5)
2g(Xn)− 2 = (q − 1)(q
n + 1)− (q2 + 1).(5.6)
We first consider the generalized GK curve Cn. Suppose now that φ : Hn −→ Cn is
a Galois covering of degree d. From (5.5), we have A = q2 − 1, B = q3 + 1 and k = q.
Proposition 5.1 gives the lower bound for d as
d ≥
(k + 1)(qn + 1)
B
=
qn + 1
q2 − q + 1
.
From (2.1) we have the upper bound, for n ≥ 3,
d ≤
2g(Hn)− 2
2g(Cn)− 2
≤
qn − 2
q2 − 2
.
For q ≥ 3 and n ≥ 3 the lower bound exceeds the upper bound and no solutions for d
exist. Hence the GK curve cannot be a Galois subcover of the Hermitian curve. This is
Theorem 1.1.
For q = 2, 2g(Hn)−2 = (2
n+1)/3 · (2g(Xn)−2) and the inequalities admit the unique
solution d = (2n + 1)/3. This gives the degree in Theorem 1.2. Moreover, Proposition
3.1 reveals that such a covering, if it exists, has to be unramified. This proves Theorem
1.2.
Remark 5.2. In the proof we did not use the fact that we are dealing with the generalized
GK-curve Cn. What we use is only the genus of Cn given by (5.5). Thus we actually prove
that there are no curves with genus 1
2
(q − 1)(qn+1 + qn − q2) being a Galois subcover of
the Hermitian curve Hn when q ≥ 3 and odd n ≥ 3.
We now turn our attention to Xn. Suppose that φ : Hn −→ Xn is a Galois covering of
degree d. From (5.6), we have A = q − 1, B = q2 + 1 and k = q. Proposition 5.1 and
(2.1) gives the lower and upper bounds for d as
(q + 1)(qn + 1)
q2 + 1
≤ d ≤ qn−1 + qn−2 + . . .+ q2 + q + 2.
This proves Theorem 1.3.
Remark 5.3. In most cases we expect that one need to corporate our ideas with other
methods to completely remove the possibility of a curve being a Galois subcover of the
Hermitian curve. For a concrete example, consider n = 3. Then X3 is given by the
equation yq
2
− y = zq
2−q+1 and has genus 1
2
(q − 1)(q3 − q). Our bounds for the degree d
gives q2+ q ≤ d ≤ q2+ q+2. We can eliminate the cases d = q2+ q+1 and d = q2+ q+2
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by some elementary arguments. However, the case d = q2 + q is more subtle. It turns
out that there is a curve
Y : yq
2
− yq + y = xq
2−q+1
which has the same genus as X3, and is a Galois subcover of the Hermitian curve of
degree q2 + q, with
i(σ) 0 1 2 3 q3 + 1 q3 + 2
#σ 1 q2 − q 0 0 q q − 1
It can be proved by the same idea as the case q = 3 in [11] that Y is not isomorphic to
X3, but that does not settle the case d = q
2 + q completely.
Acknowledgments. We would like to express our gratitude to Professor Mike Zieve and
Professor Rachel Pries for pointing out a mistake in an earlier version of the preprint.
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